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Abstract
In this paper, we continue to investigate the spectrum for {4}-GDDs of type gum1 with small g. We show that, for
each g∈{2; 4; 5; 12; 15} and each admissible pair (u; m), a {4}-GDD of type gum1 exists with a de5nite exception for
(g; u; m) = (2; 6; 5) and 5 possible exceptions when g= 2.
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1. Introduction
A group-divisible design (GDD) is a triple (X;G;B) where X is a set of points, G is a partition of X into groups,
and B is a collection of subsets of X called blocks such that any pair of distinct points from X occurs either in some
group or in exactly one block, but not both. A K-GDD of type gu11 g
u2
2 : : : g
us
s is a GDD in which every block has size
from the set K and in which there are ui groups of size gi; i = 1; 2; : : : ; s.
Group-divisible designs have been studied for many years by numerous researchers for a variety of reasons, see e.g.
[6] and [7]. Important applications of these designs include the construction of other types of combinatorial structures,
e.g. pairwise balanced designs and frames.
A GDD is called uniform if all of its groups have the same size. The spectra for uniform GDDs with block sizes 3 or
4 have been determined, see [7, III.1.3 Theorems 1.22 and 1.27]:
Theorem 1.1. (i) A {3}-GDD of type gu exists if and only if g(u− 1) is even and ( gu2
)− u( g2
) ≡ 0mod 3.
(ii) A {4}-GDD of type gu exists if and only if g(u − 1) ≡ 0mod 3 and ( gu2
) − u( g2
) ≡ 0mod 6 except when
(g; u) = (2; 4) or (6,4).
In four recent papers [18,22–24] Ge et al. began an investigation into the problem of determining the spectrum for
{4}-GDDs of type gum1. (The corresponding problem for block size three had been solved by Colbourn et al. [8].)
Although signi5cant progress was made, much remains to be done, particularly in the case where gu is odd. It is easy to
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Table 1
Necessary existence criteria for a {4}-GDD of type gum1
g u m mmin mmax
≡ 0mod 6 no condition ≡ 0mod 3 0 g(u− 1)=2
≡ 3mod 6 ≡ 1mod 4 ≡ 0mod 6 0 g(u− 1)=2
≡ 3mod 4 ≡ 3mod 6 3 g(u− 1)=2
≡ 2mod 6 ≡ 0mod 3 ≡ 2mod 3 2 g(u− 1)=2
≡ 4mod 6 ≡ 0mod 3 ≡ 1mod 3 1 g(u− 1)=2
≡ 1mod 6 ≡ 3mod 12 ≡ 1mod 6 1 g(u− 1)=2
≡ 9mod 12 ≡ 4mod 6 4 g(u− 1)=2
≡ 5mod 6 ≡ 3mod 12 ≡ 5mod 6 5 g(u− 1)=2
≡ 9mod 12 ≡ 2mod 6 2 g(u− 1)=2
≡ 3mod 6 ≡ 0mod 4 ≡ 0mod 3 0 (g(u− 1)− 3)=2
≡ 1mod 6 ≡ 0mod 12 ≡ 1mod 3 1 (g(u− 1)− 3)=2
≡ 5mod 6 ≡ 0mod 12 ≡ 2mod 3 2 (g(u− 1)− 3)=2
see that the necessary numerical conditions for a {4}-GDD of type gum1 with g; m¿ 0 and u¿ 4 are that m6 g(u−1)=2,
gu ≡ 0mod 3, g(u− 1)+m ≡ 0mod 3 and ( gu+m2
)− u( g2
)− (m2
) ≡ 0mod 6. We categorize these conditions in Table 1.
The above necessary conditions have been shown to be suIcient for the maximum and minimum values of m with 4
possible exceptions [18,24] and we have the following results.
Theorem 1.2 (Ge and Ling [18, Theorem 3.1]). (i) Let g ≡ 0mod 6 and u¿ 4. Then there exist {4}-GDDs of types
gu01 and gu(g(u− 1)=2)1, except that there is no {4}-GDD of type 6401. There is a {4}-GDD of type 6431.
(ii) Let g ≡ 3mod 6 and u¿ 4, u ≡ 2mod 4. If u ≡ 0mod 4 then there exist {4}-GDDs of types gu01 and
gu((g(u− 1)− 3)=2)1; if u ≡ 1mod 4 then there exist {4}-GDDs of types gu01 and gu(g(u− 1)=2)1; if u ≡ 3mod 4 then
there exist {4}-GDDs of types gu31 and gu(g(u− 1)=2)1.
(iii) Let g ≡ 1mod 6 and u ≡ 0mod 3, u¿ 9 and u ≡ 6mod 12. If u ≡ 0mod 12 then there exist {4}-GDDs of
types gu11 and gu((g(u− 1)− 3)=2)1; if u ≡ 3mod 12 then there exist {4}-GDDs of types gu11 and gu(g(u− 1)=2)1; if
u ≡ 9mod 12 then there exist {4}-GDDs of types gu41 and gu(g(u− 1)=2)1.
(iv) Let g ≡ 4mod 6 and u ≡ 0mod 3, u¿ 6. Then there exist {4}-GDDs of types gu11 and gu(g(u− 1)=2)1.
(v) Let g ≡ 2mod 6 and u ≡ 0mod 3, u¿ 6. Then there exist {4}-GDDs of types gu21 and gu(g(u− 1)=2)1, except
that there is no {4}-GDD of type 2651.
(vi) Let g ≡ 5mod 6 and u ≡ 0mod 3, u¿ 9 and u ≡ 6mod 12. If u ≡ 0mod 12 then there exist {4}-GDDs of
types gu21 and gu((g(u − 1) − 3)=2)1, except possibly for type g1221 when g∈{11; 17}; if u ≡ 3mod 12 then there
exist {4}-GDDs of types gu51 and gu(g(u − 1)=2)1, except possibly for type 112751; if u ≡ 9mod 12 then there exist
{4}-GDDs of types gu21 and gu(g(u− 1)=2)1, except possibly for type 112121.
For small values of g, a complete solution was given by Rees and Stinson [39] for the cases g= 1 or 3:
Theorem 1.3 (Rees and Stinson [39]). (i) A {4}-GDD of type 1um1 exists if and only if u¿ 2m + 1 and either m,
u+ m ≡ 1 or 4mod 12 or m, u+ m ≡ 7 or 10mod 12.
(ii) A {4}-GDD of type 3um1 exists if and only if either u ≡ 0mod 4 and m ≡ 0mod 3, 06m6 (3u − 6)=2; or
u ≡ 1mod 4 and m ≡ 0mod 6, 06m6 (3u− 3)=2; or u ≡ 3mod 4 and m ≡ 3mod 6, 0¡m6 (3u− 3)=2.
More recently Ge and Rees [23] have almost settled the case for g= 6:
Theorem 1.4 (Ge and Rees [23, Theorem 1.6]). There exists a {4}-GDD of type 6um1 for every u¿ 4 and m ≡ 0mod 3
with 06m6 3u−3 except for (u; m) = (4; 0) and except possibly for (u; m)∈{(7; 15); (11; 21); (11; 24); (11; 27); (13; 27);
(13; 33); (17; 39); (17; 42); (19; 45); (19; 48); (19; 51); (23; 60); (23; 63)}.
In this paper, we continue to investigate the spectrum for {4}-GDDs of type gum1 with small g. We show that, for
each g∈{2; 4; 5; 12; 15} and each admissible pair (u; m), a {4}-GDD of type gum1 exists with a de5nite exception for
(g; u; m) = (2; 6; 5) and 5 possible exceptions when g= 2.
G. Ge, A.C.H. Ling /Discrete Mathematics 285 (2004) 97–120 99
Table 2
Open cases for (v; {5; w∗}; 1)-PBDs with w6 97
w v ≡ w v ≡ wmod 20
9 49
17 77
37 157, 197 169, 529
49 209 237
57 237 269
69 289 297, 317
77 317 369
89 369
97 429
2. Preliminaries
In this section, we give some de5nition and notations as well as some preliminary results which will be used in the
sequel. The interested reader may refer to [6,7] for the unde5ned terms as well as a general overview of design theory.
The main recursive construction that we will use is Wilson’s Fundamental Construction (WFC) for GDDs (see, e.g. [7]).
Construction 2.1. Let (X;G;B) be a GDD, and let w: X → Z+ ∪{0} be a weight function on X. Suppose that for each
block B∈B, there exists a K-GDD of type {w(x): x∈B}. Then there is a K-GDD of type {∑x∈G w(x): G ∈G
}
.
A group divisible design (X;G;B) is called resolvable if its block set B admits a partition into parallel classes, each
parallel class being a partition of the point set X . The existence problem for {3}-RGDDs was solved completely by Rees
[34]. However, the existence problem for {4}-RGDDs is far from complete despite of the eLorts of many authors (see
[12,15–17,21,29,31,35,40,42–44]). We have the following known results.
Theorem 2.2. There exists a resolvable {3}-GDD of type gu if and only if u¿ 3, gu ≡ 0mod 3 and g(u− 1) ≡ 0mod 2,
except when (g; u) ≡ (2; 3); (2; 6), or (6,3).
Theorem 2.3. The necessary conditions for the existence of a {4}-RGDD(hn), namely, n¿ 4, hn ≡ 0mod 4 and
h(n− 1) ≡ 0mod 3, are also su>cient except for (h; n)∈{(2; 4); (2; 10); (3; 4); (6; 4)} and possibly excepting:
1. h ≡ 2; 10mod 12: h = 2 and n∈{34; 46; 52; 70; 82; 94; 100; 118; 130; 142; 178; 184; 202; 214; 238; 250; 334; 346}; h = 10
and n∈{4; 34; 52; 94}; h∈ [14; 454] ∪ {478; 502; 514; 526; 614; 626; 686} and n∈{10; 70; 82}.
2. h ≡ 6mod 12: h= 6 and n∈{6; 54; 68}; h= 18 and n∈{18; 38; 62}.
3. h ≡ 9mod 12: h= 9 and n= 44.
4. h ≡ 0mod 12: h= 12 and n= 27; h= 36 and n∈{11; 14; 15; 18; 23}.
A pairwise balanced design (PBD) with parameters (v; K; 1) is a K-GDD of type 1v. We shall employ the following
known existence results on pairwise balanced designs on v points having blocks of size 5ve, with a distinguished block
of size w, brieMy (v; {5; w∗}; 1)-PBDs.
Theorem 2.4 (Hamel et al. [28], Bennett and Yin [5], Abel and Ling [2], Lick and Liu [32], Bennett et al. [4], Ge et al.
[14], and Abel et al. [1]). The necessary existence conditions for a (v; {5; w∗}; 1)-PBD are v ≡ w ≡ 1mod 4, v¿ 4w+1
and either v ≡ wmod 20 or v+ w ≡ 6mod 20. For w6 97, these conditions are su>cient except possibly for the cases
listed in Table 2.
An incomplete group-divisible design (IGDD) is a quadruple (X; Y;G;B) where X is a set of points, Y is a subset of
X (called the hole), G is a partition of X into groups, and B is a collection of subsets of X (blocks) such that
(i) for each block B∈B; |B ∩ Y |6 1, and
(ii) any pair of points from X which are not both in Y occurs either in some group or in exactly one block, but not both.
A K-IGDD of type (g1; h1)u1 (g2; h2)u2 : : : (gs; hs)us is an IGDD in which every block has size from the set K and in
which there are ui groups of size gi, each of which intersects the hole in hi points, i = 1; 2; : : : ; s. We may also refer to
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this as a K-IGDD of type S, where S is the multiset consisting of ui copies of (gi; hi), i = 1; 2; : : : ; s. We will use the
following construction for {4}-IGDDs (see, e.g. [38]).
Construction 2.5. Let (X; Y;G;B) be a K-IGDD of type S, and let w: X → Z and d: X → Z be functions with
w(x)¿d(x)¿ 0 for all x∈X . Suppose that for each block B∈B there is a {4}-IGDD of type {w(x); d(x): x∈B},
and that there is a {4}-IGDD of type {(∑x∈G∩Y w(x);
∑
x∈G∩Y d(x)
)
: G ∈G}. Then there is a {4}-IGDD of type{(∑
x∈G w(x);
∑
x∈G d(x)
)
: G ∈G}.
To construct our {4}-GDDs from {4}-IGDDs we will use the following result (see [22, Construction 4.3]).
Construction 2.6. Let (X; Y;G;B) be a {4}-IGDD of type (g1; h1)u1 (g2; h2)u2 : : : (gs; hs)us and let a¿ 0. Suppose that for
each i = 1; 2; : : : ; s there is a {4}-GDD with a + gi points having a group of size a and a group of size hi. Then there
is a {4}-GDD with a+ ∑i uigi points having a group of size a and a group of size
∑
i uihi.
A double group divisible design (DGDD) is a quadruple (X;H;G;B) where X is a set of points,H and G are partitions
of X (into holes and groups, respectively) and B is a collection of subsets of X (blocks) such that
(i) for each block B∈B and each hole H ∈H; |B ∩ H |6 1, and
(ii) any pair of distinct points from X which are not in the same hole occur either in some group or in exactly one block,
but not both.
A K-DGDD of type (g1; hv1)
u1 (g2; hv2)
u2 : : : (gs; hvs)
us is a double group-divisible design in which every block has size from
the set K and in which there are ui groups of size gi, each of which intersects each of the v holes in hi points. (Thus,
gi=hiv for i=1; 2; : : : ; s. Not every DGDD can be expressed this way, of course, but this is the most general type that we
will require.) Thus, for example, a modi@ed group divisible design K-MGDD of type gu is a K-DGDD of type (g; 1g)u.
A {k}-DGDD of type (g; hv)k is a holey transversal design {k}-HTD of type hv and is equivalent to a set of k − 2 holey
MOLS of type hv (see, e.g. [7]). A DGDD is called resolvable if its block set admits a partition into parallel classes.
We will make use of the following existence result.
Theorem 2.7 (Assaf and Wei [3], Ling and Colbourn [33], Ge et al. [25], and Ge and Wei [26]). There exists a {4}-DGDD
of type (mn; mn)t if and only if t, n¿ 4 and (t − 1)(n − 1)m ≡ 0mod 3 except for (m; n; t) = (1; 4; 6) and possibly for
m= 3 and (n; t)∈{(6; 14); (6; 15); (6; 18); (6; 23)}.
We will also make use of the following simple constructions for DGDDs, which are stated in [24].
Construction 2.8. Suppose that there is a K-GDD of type gu11 g
u2
2 : : : g
us
s and that for each k ∈K there exists a {4}-DGDD
of type (hv; hv)k . Then there exists a {4}-DGDD of type (hvg1; (hg1)v)u1 (hvg2; (hg2)v)u2 : : : (hvgs; (hgs)v)us .
Corollary 2.9. Suppose that there is a {4}-GDD of type gu11 gu22 : : : guss and that h¿ 1, v¿ 4 and (h; v) = (1; 6). Then
there exists a {4}-DGDD of type (hvg1; (hg1)v)u1 (hvg2; (hg2)v)u2 : : : (hvgs; (hgs)v)us .
Construction 2.10. Suppose that there is a {4}-DGDD of type (g1; hv1)u1 (g2; hv2)u2 : : : (gs; hvs)us and that for each
i = 1; 2; : : : ; s there is a {4}-GDD of type hvi a1 where a is a @xed non-negative integer. Then there is a {4}-GDD
of type hva1 where h=
∑s
i=1 uihi.
The following construction is a slight modi5cation of [35, Theorem 3.5].
Construction 2.11. Suppose that k = 4 or 5 and that there exists a {k}-HTD of type hnu1 whose block set
contains t disjoint holey parallel classes with the hole of size u. Then for each 06 a6 t there exists a {k−1; k}-DGDD
of type (hn(k − 1), (h(k − 1))n)k whose blocks of size k − 1 can be partitioned into u(k − 1)2 + a(k − 1) parallel
classes.
In order to apply Theorem 2.11, we need the following two lemmas on {4}-HTDs.
Lemma 2.12 (Xu et al. [46]). There exists an FMOLS(1nu1) if and only if n¿ 2u+ 1 except for (n; u) = (5; 1).
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Lemma 2.13 (Heinrich and Zhu [30]). For each k¿ 2, there exists an ISOLS(12k+3k1) containing 2 disjoint holey
transversals with the hole of size k.
By Lemma 2.12, simple counting gives the following result.
Lemma 2.14. For each k¿ 2, there exists an FMOLS(12k(k − 1)1) containing a disjoint holey transversal with the hole
of size k − 1.
Finally, we will make use of the following results.
Lemma 2.15 (Rees and Stinson [39, Lemman 3.11]). Suppose that there exists a TD(6; n) and that n6w6 2n. Then
there exists a {4}-GDD of type (3n)4(6n)1(3w)1.
Theorem 2.16 (Colbourn and Dinitz [7, III.1.3 Theorem 1.33]). There exists a {4}-GDD of type 2u51 for every
u ≡ 0mod 3 with u¿ 9.
Theorem 2.17 (Ge and Rees [22, Theorem 1.7]). There exists a {4}-GDD of type g4m1 with m¿ 0 if and only if
g ≡ m ≡ 0mod 3 and 0¡m6 3g2 .
Theorem 2.18 (Ge and Rees [22, Theorem 5.2]).
(i) Let g ≡ 0mod 6 and u∈{n: n¿ 79}\{93; 94; 95; 97; 98; 117; 118}. Then there exists a {4}-GDD of type gum1 for
every m ≡ 0mod 3 with 06m6 g(u− 1)=2.
(ii) Let g ≡ 3mod 6 and u ≡ 0mod 4, u ∈ {8}. Then there exists a {4}-GDD of type gum1 for every m ≡ 0mod 3
with 06m6 (g(u− 1)− 3)=2, except possibly when u= 12 and 0¡m¡g.
(iii) Let g ≡ 1 or 5mod 6, g ∈ {11; 17}, and u ≡ 0mod 12, u ∈ {24}. Then there exists a {4}-GDD of type gum1 for
every m ≡ gmod 3 with 0¡m6 (g(u− 1)− 3)=2, except possibly when u∈{12; 72; 120; 168} and 0¡m¡g.
(iv) Let g ≡ 2 or 4mod 6 and u∈{n ≡ 0mod 3: n¿ 192}\{231; 234; 237}. Then there exists a {4}-GDD of type gum1
for every m ≡ gmod 3 with 0¡m6 g(u−1)=2, except possibly when g=2 and u∈{291; 294; 297; 303; 306; 309; 315;
318; 321; 327; 330; 333}.
Theorem 2.19 (Yin et al. [47], Ge and Ling [19,21]). The necessary conditions for the existence of {5}-GDDs of type
gu are also su>cient, except when gu ∈{25; 211; 35; 65}, and possibly where
1. gu = 345, 365;
2. g ≡ 2; 6; 14; 18mod 20 and
(a) g= 2 and u∈{15; 35; 71; 75; 95; 111; 115; 195; 215};
(b) g= 6 and u∈{15; 35; 75; 95};
(c) g= 18 and u∈{11; 15; 71; 111; 115};
(d) g∈{14; 22; 26; 34; 38; 46; 58; 62} and u∈{11; 15; 71; 75; 111; 115};
(e) g∈{42; 54} or g= 2 with  = 1; 3; 7; 9mod 10 and 336 6 2443, and u= 15;
3. g ≡ 10mod 20 and
(a) g= 10 and u∈{5; 7; 15; 23; 27; 33; 35; 39; 47};
(b) g= 30 and u∈{9; 15};
(c) g= 50 and u∈{15; 23; 27};
(d) g= 90 and u= 23;
(e) g= 10,  ≡ 1mod 6, 76 6 319, and u∈{15; 23};
(f) g= 10,  ≡ 5mod 6, 116 6 443, and u∈{15; 23};
(f) g= 10,  ≡ 1mod 6, 3256 6 487, and u= 15;
(h) g= 10,  ≡ 5mod 6, 4496 6 485, and u= 15.
3. {4}-GDDs of type gum1 for g= 4; 12
In this section, we will prove that the necessary conditions for the existence of {4}-GDDs of type gum1 for g = 4; 12
are also suIcient. First, we deal with the case when g= 12.
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Lemma 3.1. There exists a {4}-GDD of type 12um1 for each u¿ 4 and u ≡ 0; 1; 3mod 4 with m∈{3; 6; 9}.
Proof. Start with a TD(5; u) and adjoin an in5nite point ∞ to the groups, then delete a 5nite point so as to form a
{5; u + 1}-GDD of type 4uu1. Note that each block of size u + 1 intersects the group of size u in the in5nite point ∞
and each block of size 5 intersects the group of size u, but certainly not in ∞. Now, in the group of size u, we give ∞
weight 0 (when u ≡ 0, 1mod 4) or 3 (when u ≡ 3mod 4) and give the remaining points weight 0 or 3. Give all other
points in the {5; u + 1}-GDD weight 3. Replace the blocks in the {5; u + 1}-GDD by 4-GDDs of types 3u, 3u+1, 34, or
35 to obtain the 4-GDDs as desired.
Lemma 3.2. There exists a {4}-GDD of type 12nm1 for each n¿ 8 and n ≡ 0; 1; 3mod 4 with m ≡ 0mod 3 and
126m6 6(n− 1)− 6.
Proof. For any given n¿ 8 and n ≡ 0; 1; 3mod 4, by Lemma 2.12 we have a {4}-HTD of type 1nu1 with n¿ 2u + 1.
Applying Construction 2.11, we obtain a {3; 4}-DGDD of type (3n; 3n)4, where all the blocks of size 3 can be partitioned
into 9u parallel classes. Adjoin 9u in5nite points to complete the parallel classes and then adjoin a further k ideal points,
5lling in {4}-GDDs of type 3nk1 coming from Theorem 1.3 to obtain a {4}-GDD of type 12n(9u + k)1 ≡ 12nm1, as
desired.
Lemma 3.3. There exists a {4}-GDD of type 12n(6n− 9)1 for each n¿ 7 and n ≡ 0; 1; 3mod 4.
Proof. For any given n¿ 7 and n ≡ 1; 3mod 4, by Lemma 2.13 we have a {4}-HTD of type 1n((n− 3)=2)1 containing
2 disjoint holey parallel classes with the hole of size (n− 3)=2. Applying Construction 2.11 with ‘a= t =2’, we obtain a
{3; 4}-DGDD of type (3n; 3n)4, where all the blocks of size 3 can be partitioned into ((n− 3)=2) · 9 + 2 · 3 = (9n− 15)=2
parallel classes. Adjoin (9n − 15)=2 in5nite points to complete the parallel classes and then adjoin a further 3(n − 1)=2
ideal points, 5lling in {4}-GDDs of type 3n(3(n − 1)=2)1 coming from Theorem 1.3 to obtain a {4}-GDD of type
12n(((9n − 15)=2) + (3(n − 1)=2))1 ≡ 12n(6n − 9)1, as desired. Similarly, for any given n¿ 8 and n ≡ 0mod 4, by
Lemma 2.14 we have a {4}-HTD of type 1n((n=2) − 1)1 containing a disjoint holey parallel class with the hole of size
(n=2) − 1. Applying again Construction 2.11 with ‘a = t = 1’, we obtain a {4}-GDD of type 12n(((n=2) − 1) · 9 + 3 +
(3(n− 1)− 3)=2)1 ≡ 12n(6n− 9)1.
Combining Theorem 1.2, Lemmas 3.1–3.3, we have the following result.
Lemma 3.4. There exists a {4}-GDD of type 12um1 for each u¿ 8 and u ≡ 0; 1; 3mod 4 with m ≡ 0mod 3 and
06m6 6(u− 1).
Since u= 4 has been solved by Theorem 2.17, we have only the cases for u= 5; 7 and u ≡ 2mod 4 to be considered.
Lemma 3.5. There exists a {4}-GDD of type 125m1 for each m ≡ 0mod 3 and 06m6 24.
Proof. For m = 0; 3; 6; 9; 12, start from a {5}-GDD of type 46 coming from Theorem 2.19 and apply WFC by
giving weight 3 to the points of the 5rst 5 groups and weight 0 or 3 to the remaining points to obtain the design
as desired. For m=15; 21, the required designs are constructed on Z60 ∪M , where the group set is {{0; 5; 10; : : : ; 55}+ i:
06 i6 4} ∪ {M}. The designs are obtained by developing the elements of Z60 in the given base blocks +2mod 60, as
indicated, where the subscripts on the elements x0 ∈{x}×Zn in M are developed modulo the unique subgroup in Z60 of
order n.
125151:
+2mod 60; M = ({a; b} × Z6) ∪ ({c} × Z3)
1 15 27 44 1 5 8 37 2 6 14 30
1 28 34 a0 3 12 54 a0 2 5 23 a0
7 9 56 a0 8 9 22 b0 6 29 40 b0
11 49 55 b0 2 39 0 b0 1 53 54 c0
2 21 40 c0
G. Ge, A.C.H. Ling /Discrete Mathematics 285 (2004) 97–120 103
125211:
+2mod 60; M = ({a} × Z15) ∪ ({b} × Z6)
1 5 18 54 15 31 54 a0 5 48 51 a0
7 36 38 a0 3 27 29 a0 2 20 28 a0
4 43 55 a0 9 10 56 a0 14 46 47 a0
11 19 22 a0 12 53 0 a0 8 12 31 b0
28 34 50 b0 3 21 54 b0 1 23 29 b0
For m = 18; 24, take a Kirkman Triple System KTS(15), viewed as a resolvable {3}-GDD of type 35 (see, [7, III.1.3
Remark 1.30]). Now apply weight 4, using resolvable {3}-MGDDs of type 43 to obtain a resolvable {3}-DGDD of type
(12; 34)5. Adjoin 18 in5nite points to complete the parallel classes and then adjoin a further 0 or 6 ideal points, 5lling in
{4}-GDDs of types 35 or 3561, to obtain {4}-GDDs of types 125181 or 125241, as desired.
Lemma 3.6. There exists a{4}-GDD of type 126m1 for each m ≡ 0mod 3 and 06m6 30.
Proof. For m=0; 12; 30, the designs come from Theorem 1.2. For m=6; 9, the designs were constructed in Lemma 3.1 of
[13]. For m=3, start from a {4}-GDD of type 4611 coming from [24] and apply WFC with weight 3 to obtain the design
as desired. For m = 21, a {4}-GDD of type 4671 will be given in Lemma 3.17, the desired design can be constructed
similarly to the case for m= 3. For other values of m, the required designs are constructed on Z72 ∪M , where the group
set is {{0; 6; 12; : : : ; 66}+ i: 06 i6 5} ∪ {M}. The designs are obtained by developing the elements of Z72 in the given
base blocks +1 or +2mod 72, as indicated, where the subscripts on the elements x0 ∈{x} × Zn in M are developed
modulo the unique subgroup in Z72 of order n.
126151:
+2mod 72; M = ({a} × Z12) ∪ ({b} × Z3)
1 39 40 68 2 6 17 64 1 6 9 53
1 10 18 69 1 28 51 66 6 37 56 a0
1 46 0 a0 3 17 19 a0 14 31 34 a0
15 26 47 a0 4 36 45 a0 20 33 59 a0
5 40 42 a0 8 57 64 b0 1 11 54 b0
126181:
+1mod 72; M = ({a} × Z12) ∪ ({b} × Z6)
1 50 54 57 1 33 42 44 7 52 62 a0
11 48 70 a0 9 17 37 a0 3 8 42 a0
5 6 63 b0 1 26 52 b0
126241:
+1mod 72; M = ({a} × Z12) ∪ ({b; c} × Z6)
1 28 39 48 2 34 57 a0 7 8 0 a0
1 5 27 a0 6 11 64 a0 9 25 60 b0
10 38 41 b0 11 13 26 c0 3 36 46 c0
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126271:
+2mod 72; M = ({a} × Z18) ∪ ({b} × Z6) ∪ ({c} × Z3)
1 16 17 68 21 41 64 a0 13 59 63 a0
15 56 0 a0 3 10 17 a0 30 38 47 a0
25 42 70 a0 9 12 37 a0 22 32 55 a0
16 18 50 a0 24 69 71 a0 31 62 65 a0
4 8 43 a0 7 20 39 b0 10 36 47 b0
28 41 50 b0 1 9 30 b0 3 13 14 c0
4 18 71 c0
This completes the proof of Lemma 3.6.
Lemma 3.7. There exists a {4}-GDD of type 127m1 for each m ≡ 0mod 3 and 06m6 36.
Proof. For m = 0; 12; 36, the designs come from Theorem 1.2. For m = 3; 6; 9, the designs come from Lemma 3.1. For
m = 15, the required design is constructed on Z84 ∪ M , where M = ({a; b} × Z6) ∪ ({c} × Z3) and the group set is
{{0; 7; 14; : : : ; 77}+ i: 06 i6 6}∪ {M}. The design is obtained by developing the elements of Z84 in the following base
blocks +2mod 84, where the subscripts on the elements x0 ∈{x} × Zn in M are developed modulo the unique subgroup
in Z84 of order n.
2 3 28 55 1 23 47 70 2 7 18 24
2 50 62 82 1 37 40 42 1 9 13 68
1 14 55 65 8 16 27 a0 6 45 71 a0
12 58 67 a0 1 38 41 a0 4 48 78 b0
7 13 22 b0 9 62 80 b0 3 5 71 b0
7 34 68 c0 3 53 54 c0
For m=18, by Lemma 2.12 we have a {4}-HTD of type 1711. Applying Construction 2.11, we obtain a {3; 4}-DGDD
of type (21; 37)4, where all the blocks of size 3 can be partitioned into 9 parallel classes. Adjoin 9 in5nite points to
complete the parallel classes and then adjoin a further 9 ideal points, 5lling in {4}-GDDs of type 3791 coming from
Theorem 1.3 to obtain a {4}-GDD of type 127181, as desired.
For m=21; 24; 27; 30; 33, by Lemma 2.13 we have a {4}-HTD of type 1721 containing 2 disjoint holey parallel classes
with the hole of size 2. Applying Construction 2.11 with ‘t=2 and 06 a6 2’, we obtain a {3; 4}-DGDD of type (21; 37)4,
where all the blocks of size 3 can be partitioned into 2 ·9+a ·3 parallel classes. Adjoin 18+3a in5nite points to complete
the parallel classes and then adjoin a further 3 or 9 ideal points, 5lling in {4}-GDDs of types 38 or 3791 coming from
Theorem 1.3 to obtain a {4}-GDD of type 127(21 + 3a)1 or a {4}-GDD of type 127(27 + 3a)1, as desired.
Lemma 3.8. There exists a {4}-GDD of type 1210m1 for each m ≡ 0mod 3 and 06m6 54.
Proof. For 06m6 36, complete the parallel classes of a {4}-RGDD of type 410 to obtain a {5}-GDD of type 410121.
Apply WFC and give weight 3 to the points in the groups of size 4 and weight 0 or 3 to the remaining points to obtain
the designs as desired.
For other values of m, take a {4}-GDD of type 65x1 with x = 9; 12 coming from Theorem 1.4 and adjoin an in5nite
point ∞ to the groups, then delete a 5nite point in the group of size x so as to form a {4; 7}-GDD of type 310x1. Note
that each block of size 7 intersects the group of size x in the in5nite point ∞, while each block of size 4 does not.
Now, we give ∞ weight 1; 4; 7 or 10 and give all the remaining points weight 4. Replace the blocks in the {4; 7}-GDD
by 4-GDDs of types 44 or 46i1 with i∈{1; 4; 7; 10} coming from Theorem 1.1 or Lemma 3.17 to obtain the 4-GDDs as
desired.
Lemma 3.9. There exists a {4}-GDD of type 1214m1 for each m ≡ 0mod 3 and 06m6 78.
Proof. For 06m6 12, take a {5}-GDD of 415 coming from Theorem 2.19 and apply WFC with weight 3 to the points
in the 5rst 14 groups and weight 0 or 3 to the remaining points to obtain the designs as desired. For other values of m,
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the proof is similar to the second part of Lemma 3.8. Here, we take a {4}-GDD of type 67x1 with x = 3; 6; 9; 12; 18
coming from Theorem 1.4 or a {4}-GDD of type 65121151 coming from [27]. When taking a {4}-GDD of type 65121151,
we delete a 5nite point in the group of size 15. Then, we will need {4}-GDDs of type 46i1 for i = 1; 4; 7; 10 as well as
{4}-GDDs of type 412j1 for j=1; 4; 7; 10 as input designs, the latter are from Theorems 1.1, 1.2 or obtained by 5lling in
the holes of {4}-GDDs of types 12431 or 12461 with a {4}-GDD of type 44.
Lemma 3.10. There exists a {4}-GDD of type 1218m1 for each m ≡ 0mod 3 and 06m6 102.
Proof. For 06m6 12, take a (77; {5; 9∗}; 1)-PBD coming from Theorem 2.4 and remove a point not in the single block
of size 9 to obtain a {5; 9}-GDD of type 419. Apply WFC with weight 3 to the points in the 5rst 18 groups and weight
0 or 3 to the remaining points to obtain the desired designs. For other values of m, the proof is similar to the second part
of Lemma 3.8. Here, we take a {4}-GDD of type 69x1 with x = 3; 6; 9; : : : ; 24 coming from Theorem 1.4.
Lemma 3.11. There exists a {4}-GDD of type 1222m1 for each m ≡ 0mod 3 and 06m6 126.
Proof. For 06m6 54, complete the parallel classes of a {4}-RGDD of type 422 coming from Theorem 2.3 to obtain
a {5}-GDD of type 422281. Apply WFC and give weight 3 to the points in the groups of size 4 and weight 0 or 3 to
the remaining points to obtain the designs as desired. For 576m6 126, complete the parallel classes of a {4}-RGDD
of type 222 coming from Theorem 2.3 to obtain a {5}-GDD of type 222141. Apply WFC and give weight 3 to the points
in the groups of size 2 and weight 3, 6 or 9 to the remaining points to obtain the designs as desired.
Lemma 3.12. There exists a {4}-GDD of type 12um1 for each u¿30, u≡2mod4 and u =34; 38; 46 with 06m66(u− 1).
Proof. For 06m6 9, suppose that u= 4s+ 2 and s¿ 7. Take a {4}-GDD of type (12s− 12)4(72 + m)1 coming from
Theorem 2.17 and 5ll in 4-GDDs of type 12(s−1) and 4-GDDs of type 126m1 to obtain the 4-GDDs as desired. For
other values of m, the proof is similar to the second part of Lemma 3.8. Here, we take a {4}-GDD of type 6u=2x1 with
x = 3; 6; 9; : : : ; 3
(
u
2 − 1
)
coming from Theorem 1.4.
This leaves u= 26; 34; 38; 46 to be considered. We will rely heavily on the following special case of Construction 2.5
(see [22, Theorem 4.2]).
Theorem 3.13. Let (X;G;B) be a {5; 6}-GDD with G={G1; G2; : : : ; Gs}. Then for every sequence n1; n2; : : : ; ns of integers
with 06 ni6 |Gi|, i = 1; 2; : : : ; s, there is a {4}-IGDD of type {(6|Gi|+ 3ni; 3ni): i = 1; 2; : : : ; s}.
Corollary 3.14. Suppose that there exists a {5; 6}-GDD (X;G;B) on v points with group sizes from the set {6; 8; 10; 12;
14; 16}. Then for each m ≡ 0mod 3 with 06m6 3v there exists a {4}-GDD of type 12v=2+1m1.
Proof. Let G = {G1; G2; : : : ; Gs} and write m = 3(n1 + n2 + · · · + ns) where 06 ni6 |Gi| for each i = 1; 2; : : : ; s. By
Theorem 3.13 there is a {4}-IGDD of type {(6|Gi| + 3ni; 3ni): i = 1; 2; : : : ; s}. Now adjoin a = 12 ideal points to this
IGDD and apply Construction 2.6, constructing on the ith group together with the ideal points a {4}-GDD of type
12(|Gi|=2)+1(3ni)1, which exists by Theorem 2.17 and Lemmas 3.4–3.7. The result is a {4}-GDD of type 12v=2+1m1, as
desired.
Lemma 3.15. There exists a {4}-GDD of type 12um1 for each u∈{26; 34; 38; 46} with 06m6 6(u− 1).
Proof. We apply Corollary 3.14, exhibiting for each u∈{26; 34; 38; 46} a {5; 6}-GDD on v=2(u− 1) points with group
sizes from the set {6; 8; : : : ; 16}.
u {5; 6}-GDD of type Source
26 85101 5-frame of type 86 [7]
34 12561 TD(6,12)
38 125141 5-frame of type 126 [7]
46 165101 TD(6,16)
This completes the proof of Lemma 3.15.
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Combining Theorem 2.17, Lemmas 3.4–3.12 and 3.15, we have the following result.
Theorem 3.16. There exists a {4}-GDD of type 12um1 for each u¿ 4 and m ≡ 0mod 3 with 06m6 6(u− 1).
Now, we deal with the case when g= 4.
Lemma 3.17. There exist {4}-GDDs of types 46m1 and 49n1 for all admissible m ≡ n ≡ 1mod 3.
Proof. From Theorems 1.1 and 1.2, we need only construct {4}-GDDs of type 4um1 for (u; m)∈{(6; 7); (9; 7); (9; 10);
(9; 13)}. In each case the design is constructed on Z4u∪M , where the group set is {{0; u; 2u; 3u}+i: 06 i6 u−1}∪{M}.
The design is obtained by developing the elements of Z4u in the given base blocks +2 or +4mod 4u, as indicated, where
the subscripts on the elements x0 ∈{x} × Zn in M are developed modulo the unique subgroup in Z4u of order n.
4671:
+4mod 24; M = ({a; b} × Z3) ∪ {∞}
1 11 18 20 2 3 5 16 1 3 8 a0
12 16 19 a0 2 6 17 a0 9 10 23 a0
5 10 20 b0 9 12 13 b0 2 7 11 b0
3 4 6 b0 0 8 16 ∞ 1 9 17 ∞
2 10 18 ∞ 3 11 19 ∞
4971:
+2mod 36; M = ({a} × Z6) ∪ {∞}
1 15 32 35 2 25 33 0 2 3 22 32
1 7 11 a0 9 30 34 a0 8 29 0 a0
2 15 16 a0 0 12 24 ∞ 1 13 25 ∞
49101:
+2mod 36; M = ({a} × Z9) ∪ {∞}
1 20 21 22 1 8 29 34 3 5 34 a0
7 11 17 a0 2 13 27 a0 12 18 26 a0
1 4 24 a0 10 14 33 a0 0 12 24 ∞
1 13 25 ∞
49131:
+2mod 36; M = ({a; b} × Z6) ∪ {∞}
1 5 26 32 9 28 32 a0 5 10 18 a0
2 23 31 a0 1 3 0 a0 5 9 15 b0
2 22 24 b0 11 31 32 b0 1 4 30 b0
0 12 24 ∞ 1 13 25 ∞
This completes the proof of Lemma 3.17.
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Theorem 3.18. There exists a {4}-GDD of type 4um1 for each u¿ 6, u ≡ 0mod 3 and m ≡ 1mod 3 with 16m6
2(u− 1).
Proof. For any given u¿ 12, u ≡ 0mod 3 and m ≡ 1mod 3 with 46m6 2(u−1), take a {4}-GDD of type 12u=3(m−4)1
coming from Theorem 3.16. Adjoin 4 in5nite points and 5ll in the holes with a {4}-GDD of type 44 to obtain a {4}-GDD
of type 4um1. Combining Theorem 1.2 and Lemma 3.17, the conclusion then follows.
4. {4}-GDDs of type gum1 for g= 5; 15
In this section, we will prove that the necessary conditions for the existence of {4}-GDDs of type gum1 for g = 5; 15
are also suIcient. First, we deal with the case when g= 15.
Theorem 4.1. A {4}-GDD of type 15um1 exists if and only if either u ≡ 0mod 4 and m ≡ 0mod 3, 06m6 (15u−18)=2;
or u ≡ 1mod 4 and m ≡ 0mod 6; 0¡m6 (15u− 15)=2; or u ≡ 3mod 4 and m ≡ 3mod 6, 06m6 (15u− 15)=2.
Proof. For u = 4, the designs come from Theorem 2.17. For other values of u, start with a TD(6, u) and adjoin an
in5nite point ∞ to the groups, then delete a 5nite point so as to form a {6; u + 1}-GDD of type 5uu1. Note that each
block of size u + 1 intersects the group of size u in the in5nite point ∞ and each block of size 6 intersects the group
of size u, but certainly not in ∞. Now, in the group of size u, we give ∞ weight a, where a∈{0; 3; : : : ; (3u − 6)=2}
(when u ≡ 0mod 4), a∈{0; 6; : : : ; (3u− 3)=2} (when u ≡ 1mod 4) or a∈{3; 9; : : : ; (3u− 3)=2} (when u ≡ 3mod 4) and
give the remaining points weight 0 or 6. Give all other points in the {6; u+1}-GDD weight 3. Replace the blocks in the
{6; u+ 1}-GDD by 4-GDDs of types 3ua1, 35, or 3561 to obtain the 4-GDDs as desired.
Theorem 4.2. A {4}-GDD of type 5um1 exists if and only if either u ≡ 3mod 12 and m ≡ 5mod 6; 56m6 (5u− 5)=2;
or u ≡ 9mod 12 and m ≡ 2mod 6, 26m6 (5u− 5)=2; or u ≡ 0mod 12 and m ≡ 2mod 3; 26m6 (5u− 8)=2.
Proof. For u= 9 and m= 2; 20, the designs come from Theorem 1.2. For u= 9 and m= 14, the required {4}-GDD was
given in [20]. For u= 9 and m= 8, the required design is constructed on Z45 ∪M , where M = ({a} × Z5) ∪ ({b} × Z3)
and the group set is {{0; 9; 18; 27; 36}+ i: 06 i6 8} ∪ {M}. The design is obtained by developing the elements of Z45
in the following base blocks +3mod 45, where the subscripts on the elements x0 ∈{x} ×Zn in M are developed modulo
the unique subgroup in Z45 of order n.
2 15 25 32 1 34 39 42 1 2 4 24
1 3 32 38 1 7 33 35 3 17 36 41
3 14 34 a0 11 12 36 a0 9 15 43 a0
10 20 23 a0 2 7 31 a0 8 41 45 b0
15 30 31 b0 1 16 20 b0
For any given u¿ 12, u ≡ 0; 3; 9mod 12 and all admissible m¿ 5, take a {4}-GDD of type 15u=3(m − 5)1 coming
from Theorem 4.1. Adjoin 5 in5nite points and 5ll in the holes with a {4}-GDD of type 54 to obtain a {4}-GDD of type
5um1 as desired. By Theorem 1.2, the conclusion then follows.
5. {4}-GDDs of type 2um1
In this section, we will deal with the case for g = 2 and prove that the necessary conditions for the existence of
{4}-GDDs of type 2um1 are also suIcient with at most 5 possible exceptions. We will use the following analogue to
Stinson’s Diamond Construction (see [22, Construction 4.7]).
Construction 5.1. Let (X; Y; G; B) be a {4}-IGDD of type (g1; h1)u1 (g2; h2)u2 : : : (gs; hs)us and let a¿ b¿ 0. Suppose that
for each i = 1; 2; : : : ; s − 1 (and also i = s if us¿ 2) there is a {4}-IGDD (Xi; Yi; Gi; Bi) on a + gi points with a group
Mi of size b + hi and a group Ni of size a − b in which Yi = Ni ∪ (Yi ∩ Mi), |Yi| = a. Suppose further that there is a
{4}-GDD on a + gs points with a group of size b + hs. Then there is a {4}-GDD on a +∑i uigi points with a group
of size b+
∑
i uihi.
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To obtain {4}-IGDDs as ‘5llers’ in Construction 5.1, we need the following conceptions.
A resolvable {3}-GDD of type 2v=2 is called a Nearly Kirkman Triple System NKTS(v). It is well known that
an NKTS(v) exists if and only if v ≡ 0mod 6 and v¿ 18 (see, e.g. [41]). An incomplete Nearly Kirkman Triple
System INKTS(v; w) (X; Y;G;B) consists of a v-set X together with a w subset Y ⊆ X (Y is called the hole), where
v ≡ w≡ 0mod 6 and v¿ 3w, together with a partition G of X \Y into pairs (i.e., groups of size 2) and a collection B of
3-subsets of X (blocks) such that
(i) any pair of distinct points from X that are not both in Y occurs either in some group or in exactly one block, but
not both,
(ii) for every block B∈B, |B ∩ Y |6 1, and
(iii) B admits a partition into (v − w)=2 parallel classes on X together with a further (w − 2)=2 holey parallel classes,
each holey parallel class being a partition of X \Y .
Note that, provided that w¿ 18, one can construct an NKTS(w) on the hole in an INKTS(v; w) and so obtain an NKTS(v)
containing an NKTS(w) as a subsystem (i.e. each parallel class in the NKTS(w) forms a part of some parallel class in
the NKTS(v)). The spectrum for INKTS(v; w) has been the subject of investigation in some recent works (see [9–11,23])
and a complete solution has been given:
Theorem 5.2 (Deng et al. [11, Theorem 4.7]). For every w ≡ 0mod 6 with w¿ 6 there exists an INKTS(v; w) if and
only if v ≡ 0mod 6 and v¿ 3w.
Corollary 5.3. Let w ≡ 0mod 6 and w¿ 6. If v ≡ 0mod 6 and v¿ 3w, then there exists a {4}-IGDD of type 2(v−w)=2
((v− w)=2; (v− w)=2)1((3w=2)− 1; (w=2)− 1)1.
Proof. Completing all the (v − w)=2 parallel classes and the (w − 2)=2 holey parallel classes, we obtain the indicated
IGDD.
We will mainly employ the following special case of Corollary 5.3, obtained by setting w = 6 and v = 2u+ 6.
Corollary 5.4. If u ≡ 0mod 3 and u¿ 6, then there exists a {4}-IGDD of type 2u(u; u)1(6 + 2; 2)1.
We will also employ the following special case of Construction 5.1, obtained by setting a= b.
Construction 5.5. Let (X; Y; G; B) be a {4}-IGDD of type (g1; h1)u1 (g2; h2)u2 : : : (gs; hs)us and let b¿ 0. Suppose that for
each i= 1; 2; : : : ; s there is a {4}-GDD with b+ gi points having a group of size b+ hi. Then there is a {4}-GDD with
b+
∑
i uigi points having a group of size b+
∑
i uihi.
Lemma 5.6. Let u∈{6; 9; 12; 15; 18}. There exists a {4}-GDD of type 2um1 for all m ≡ 2mod 3 with 26m6 u − 1,
except for (u; m) = (6; 5).
Proof. From Theorems 1.2 and 2.16, it suIces to consider (u; m)∈{(12; 8); (15; 8); (15; 11); (18; 8); (18; 11); (18; 14)}.
Now a {4}-GDD of type 21281 can be found in [22, Theorem 2.5] and {4}-GDDs of types 21581 and 218111 can be found
in [23, Theorem 4.1]. We get a {4}-GDD of type 218141 by starting with a {4}-GDD of type 124 and adjoining 2 ideal
points, 5lling in {4}-GDDs of type 27 on three of the four groups of size 12 together with the ideal points. Finally, we
construct {4}-GDDs of types 215111 and 21881 as follows. The construction method in each case is similar to that used
in Lemma 3.5.
{4}-GDD of type 215111
Point Set: Z30 ∪ ({a} × Z5) ∪ ({b; c; d; e; f; g} × Z1)
Groups: {{0; 15}+ i; 06 i6 14} ∪ {({a} × Z5) ∪ ({b; c; d; e; f; g} × Z1)}
Blocks: Develop each of the following +6mod 30.
6 13 18 22 1 17 22 26 5 9 21 26
13 16 19 a0 5 12 17 a0 2 6 20 a0
9 15 18 a0 7 21 25 a0 1 8 14 a0
23 26 29 a0 10 22 27 a0 3 24 0 a0
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4 11 28 a0 1 5 18 b0 2 9 16 b0
0 28 8 c0 3 1 11 c0 0 19 11 d0
3 22 14 d0 0 10 29 e0 3 13 2 e0
0 1 2 f0 3 4 5 f0 0 22 20 g0
3 25 23 g0
{4}-GDD of type 21881
Point Set: Z36 ∪ ({a} × Z3) ∪ ({b} × Z2) ∪ ({c; d; e} × Z1)
Groups: {{0; 18}+ i, 06 i6 17} ∪ {({a} × Z3) ∪ ({b} × Z2) ∪ ({c; d; e} × Z1)}
Blocks: Develop each of the following +6mod 36.
1 15 23 28
6 26 35 0
4 6 16 20
9 15 29 a0
3 18 34 a0
13 19 29 b0
9 12 20 b0
11 14 22 d0
1 4 33 e0
2 21 23 33
4 11 15 34
2 13 14 28
2 8 31 a0
1 10 24 a0
14 15 16 b0
18 20 33 c0
1 9 0 d0
6 13 30 33
1 12 29 35
1 3 13 32
5 14 17 a0
4 7 12 a0
18 22 23 b0
1 5 22 c0
11 32 0 e0
This completes the proof of Lemma 5.6.
Lemma 5.7. There exists a {4}-GDD of type 221m1 for all m ≡ 2mod 3 with 26m6 20, except possibly for m= 17.
Proof. From Theorems 1.2 and 2.16, it suIces to consider m∈{8; 11; 14}. The required designs are constructed as
follows. The construction method in each case is similar to that used in Lemma 3.5.
{4}-GDD of type 22181
Point Set: Z42 ∪ ({a; b; c} × Z2) ∪ ({d} × Z1) ∪ {∞}
Groups: {{0; 21}+ i; 06 i6 20} ∪ {({a; b; c} × Z2) ∪ ({d} × Z1) ∪ {∞}}
Blocks: Develop each of the following +3mod 42.
3 26 27 38
3 9 19 35
5 8 30 a0
4 7 38 b0
1 3 5 d0
2 16 30 ∞
2 7 8 31
1 9 13 36
3 16 25 a0
5 39 42 c0
0 14 28 ∞
2 4 11 26
1 6 7 18
3 12 41 b0
1 16 26 c0
1 15 29 ∞
{4}-GDD of type 221111
Point Set: Z42 ∪ ({a; b; c; d; e; f; g; h; i; j; k} × Z1)
Groups: {{0; 21}+ i; 06 i6 20} ∪ {({a; b; c; d; e; f; g; h; i; j; k} × Z1)}
Blocks: Develop each of the following +6mod 42.
4 10 14 22
1 8 25 31
3 9 33 41
3 12 22 a0
1 9 34 b0
1 24 28 39
3 14 25 36
2 5 14 20
1 5 38 a0
3 20 40 c0
5 12 24 30
4 23 35 41
1 6 33 40
5 32 36 b0
6 11 31 c0
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6 9 14 d0
1 10 35 e0
0 40 26 g0
3 16 32 h0
0 1 2 j0
3 19 17 k0
1 4 11 d0
4 24 31 f0
3 1 29 g0
0 28 41 i0
3 4 5 j0
3 6 38 e0
2 21 41 f0
0 13 29 h0
3 31 2 i0
0 16 14 k0
{4}-GDD of type 221141
Point Set: Z42 ∪ ({a; b; c; d; e; f} × Z2) ∪ ({g} × Z1) ∪ {∞}
Groups: {{0; 21}+ i; 06 i6 20} ∪ {({a; b; c; d; e; f} × Z2) ∪ ({g} × Z1) ∪ {∞}}
Blocks: Develop each of the following +3mod 42.
1 25 31 42
3 40 41 a0
6 9 29 b0
5 6 10 d0
5 7 42 e0
1 5 21 g0
2 16 30 ∞
2 26 32 41
2 13 36 a0
4 23 31 c0
1 14 27 d0
6 15 17 f0
0 14 28 ∞
3 27 37 39
1 8 40 b0
2 12 27 c0
2 9 22 e0
2 19 28 f0
1 15 29 ∞
This completes the proof of Lemma 5.7.
Lemma 5.8. Let u¿ 24 and u ≡ 0mod 6. There exists a {4}-GDD of type 2um1 for all m ≡ 2mod 3 with 26m6 u−1.
Proof. For any given u¿ 24 and u ≡ 0mod 6 and all admissible m¿ 2, take a {4}-GDD of type 12u=6(m− 2)1 coming
from Theorem 3.16. Adjoin 2 in5nite points and 5ll in the holes with a {4}-GDD of type 27 to obtain a {4}-GDD of
type 2um1 as desired.
Now, we need only to consider the case for u ≡ 3mod 6 and u¿ 27.
Lemma 5.9. There exists a {4}-GDD of type 227m1 for all m ≡ 2mod 3 with 26m6 26.
Proof. From Theorems 1.2 and 2.16, it suIces to consider m∈{8; 11; 14; 17; 20; 23}. We get a {4}-GDD of type 227141
by starting with a {4}-GDD of type 124181 and adjoining 2 ideal points, 5lling in {4}-GDDs of types 27 and 210 on three
of the four groups of size 12 and the single group of size 18 respectively together with the ideal points. Similarly, we
obtain {4}-GDDs of types 227201 and 227231 by starting with a {4}-GDD of type 184 and adjoining 2 and 5 ideal points,
5lling in {4}-GDDs of types 210 and 2951 respectively on three of the four groups of size 18 together with the ideal
points. Finally, we construct {4}-GDDs of types 22781, 227111 and 227171 as follows. For type 22781, the construction
method is similar to that used in Lemma 3.5. For types 227111 and 227171, we construct some {3; 4}-GDDs of type 227
such that the blocks of size 3 can be partitioned into 11 and 17 parallel classes respectively.
{4}-GDD of type 22781
Point Set: Z54 ∪ ({a} × Z3) ∪ ({b; c} × Z2) ∪ ({d} × Z1)
Groups: {{0; 27}+ i; 06 i6 26} ∪ {({a} × Z3) ∪ ({b; c} × Z2) ∪ ({d} × Z1)}
Blocks: Develop each of the following +3mod 54.
3 24 42 54
2 45 46 54
2 26 42 48
3 13 20 53
1 32 40 51
3 22 34 52
1 4 23 49
1 5 15 22
2 8 44 47
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6 31 47 a0
4 17 42 b0
5 34 54 c0
5 12 25 a0
1 27 50 b0
8 10 42 d0
1 18 44 a0
7 8 9 c0
{4}-GDD of type 227111
Point Set: Z3 × Z3 × Z3 × {0; 1}
Groups: {{(i; j; k; 0); (i + 2; j; k + 1; 1)}; 06 i; j; k6 2}
Blocks:
{(0; 0; 0; 0); (0; 0; 1; 0); (0; 0; 0; 1)}; {(0; 0; 2; 0); (0; 1; 1; 1); (0; 1; 2; 1)},
{(0; 0; 0; 0); (0; 1; 1; 0); (0; 0; 1; 1)}; {(0; 0; 2; 0); (0; 1; 0; 1); (1; 0; 2; 1)},
{(0; 0; 0; 0); (0; 1; 0; 0); (1; 0; 1; 1); (1; 1; 2; 1)},
{(0; 0; 0; 0); (0; 1; 2; 0); (2; 0; 0; 1); (2; 2; 0; 1)},
{(0; 0; 0; 0); (1; 0; 0; 0); (2; 1; 0; 1); (2; 2; 2; 1)},
{(0; 0; 0; 0); (0; 2; 1; 1); (1; 1; 1; 1); (2; 1; 2; 1)},
{(0; 0; 0; 0); (1; 0; 1; 0); (2; 2; 1; 0); (1; 2; 0; 1)}.
In the 5rst two blocks of size 3, the last two coordinates are distinct. Hence, adding (i; j; 0; 0) for 06 i; j6 2 would
generate a parallel class. Two other parallel classes can be generated by adding (0; 0; k; 0) for k = 1; 2 to the 5rst parallel
class. The third and fourth block has the same property that the last two coordinates are distinct. Hence, they generate
3 additional parallel classes. Next, observe that if the pure diLerence (i; j; k; l) is not used, then this can be used to
generate a parallel class on Z3 × Z3 × Z3 × {l} by developing the blocks {(0; 0; 0; l); (i; j; k; l); (2i; 2j; 2k; l)}. Finally, it
is easy to check that there are 5ve pure diLerences on 00, and 5ve pure diLerences on 11 that are not used. They are
(1; 1; 0; 0); (1; 2; 1; 0); (1; 0; 2; 0); (1; 1; 1; 0); (1; 2; 2; 0) and (1; 0; 0; 1); (1; 1; 0; 1); (1; 2; 1; 1); (1; 1; 1; 1); (1; 0; 2; 1).
{4}-GDD of type 227171
Point Set: Z3 × Z3 × Z3 × {0; 1}
Groups: {{(i; j; k; 0); (i + 2; j; k + 1; 1)}; 06 i; j; k6 2}
Blocks:
{(0; 0; 0; 0); (0; 0; 1; 0); (0; 0; 0; 1)}; {(0; 0; 2; 0); (0; 1; 1; 1); (0; 1; 2; 1)},
{(0; 0; 0; 0); (0; 1; 1; 0); (0; 0; 1; 1)}; {(0; 0; 2; 0); (0; 1; 0; 1); (1; 0; 2; 1)},
{(0; 0; 0; 0); (0; 1; 2; 0); (1; 0; 1; 1)}; {(0; 0; 1; 0); (1; 0; 0; 1); (1; 1; 2; 1)},
{(0; 0; 0; 0); (1; 0; 1; 0); (2; 1; 1; 1)}; {(0; 0; 2; 0); (1; 2; 0; 1); (2; 0; 2; 1)},
{(0; 0; 0; 0); (0; 1; 0; 0); (2; 0; 1; 1); (2; 1; 2; 1)},
{(0; 0; 0; 0); (0; 2; 1; 1); (1; 2; 0; 1); (2; 1; 0; 1)},
{(0; 0; 0; 0); (1; 0; 0; 0); (2; 1; 0; 0); (0; 2; 2; 1)}.
Similar to the construction above, the 2i − 1 and 2i blocks of size 3 are distinct in the last two coordinates for
i = 1; 2; 3; 4. Hence, the eight base blocks of size 3 will generate 12 parallel classes. Furthermore, there are 5 unused
00 and 5 unused 11 pure diLerences. Hence, they form 5ve additional parallel classes. The unused diLerences are
(1; 1; 1; 0); (1; 1; 2; 0); (1; 2; 1; 0); (1; 0; 2; 0); (1; 2; 2; 0) and (0; 2; 0; 1); (1; 0; 0; 1); (1; 0; 1; 1); (1; 1; 0; 1); (1; 2; 1; 1).
Lemma 5.10. There exists a {4}-GDD of type 2um1 for (u; m)∈{(33; 11); (33; 14); (33; 17); (33; 26); (39; 8); (39; 11);
(39; 14); (39; 17); (39; 29); (39; 32); (51; 8); (51; 11); (51; 14); (51; 20); (51; 23); (57; 8); (57; 11); (57; 23)}.
Proof. In each case the design is constructed on Z2u ∪ (M ∪ {∞1;∞2; : : : ;∞5}), where the group set is {{0; u}+i:
06 i6 u − 1} ∪ {M ∪ {∞1;∞2; : : : ;∞5}}. Let 2u = 3x. The base blocks of the required design are composed of two
parts. The 5rst part is obtained by developing the elements of Z2u in the following base blocks +3mod 2u:
When x ≡ 1mod 3:
0 3x − 2 x − 2 ∞1
0 x 3x − 1 ∞4
0 2x − 1 x + 1 ∞2
0 2x + 2 2x ∞5
0 1 2 ∞3
When x ≡ 2mod 3:
0 3x − 2 2x − 2 ∞1
0 2x 3x − 1 ∞4
0 x − 1 2x + 1 ∞2
0 x + 2 x ∞5
0 1 2 ∞3
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The second part is obtained by developing the elements of Z2u in the given base blocks +1, +2 or +3mod 2u, as
indicated, where the subscripts on the elements x0 ∈{x}×Zn in M are developed modulo the unique subgroup in Z2u of
order n.
233111:
+2mod 66; M = {a; b} × Z3
2 28 44 57
1 26 36 51
2 38 41 50
1 8 29 b0
2 9 39 65
2 30 47 64
4 23 55 a0
3 34 42 b0
1 9 15 63
1 43 56 62
3 8 60 a0
233141:
+1mod 66; M = ({a} × Z6) ∪ ({b} × Z3)
1 8 13 37
5 21 60 a0
1 19 50 59
1 26 64 a0
1 16 48 61
2 6 16 b0
233171:
+2mod 66; M = {a; b; c; d} × Z3
1 6 30 38
2 29 47 53
6 46 62 a0
5 37 46 c0
2 17 64 d0
1 37 50 56
2 7 33 61
1 32 60 b0
2 54 57 c0
2 14 23 50
1 5 57 a0
3 11 28 b0
1 51 54 d0
233261:
+3mod 66; M = ({a} × Z11) ∪ ({b; c; d; e; f} × Z2)
2 32 43 59
7 17 65 a0
25 37 61 a0
24 36 54 a0
8 11 23 a0
4 18 43 b0
25 44 54 d0
25 34 38 e0
2 16 42 63
15 19 26 a0
1 29 35 a0
5 9 47 a0
10 16 31 a0
1 32 51 c0
3 17 34 d0
13 16 53 f0
1 6 9 19
22 33 60 a0
6 13 30 a0
12 18 53 a0
5 50 63 b0
17 22 54 c0
29 36 45 e0
14 48 63 f0
23981:
+1mod 78; M = {a} × Z3
1 33 63 67
1 21 28 43
1 32 41 46
1 9 22 76
1 7 44 62
1 11 30 a0
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239111:
+2mod 78; M = {a; b} × Z3
1 7 61 66
2 42 48 58
1 18 21 62
2 17 25 a0
4 11 24 b0
2 29 33 65
1 32 50 74
1 24 28 36
3 6 70 a0
1 39 49 58
2 11 32 73
1 12 45 57
2 37 51 b0
239141:
+1mod 78; M = ({a} × Z6) ∪ ({b} × Z3)
1 18 30 48
1 7 23 44
2 40 72 b0
1 43 52 66
2 13 46 a0
1 5 20 25
3 71 78 a0
239171:
+2mod 78; M = {a; b; c; d} × Z3
2 8 50 62
1 4 15 48
1 24 32 70
5 24 34 b0
1 8 22 c0
1 13 55 61
1 18 39 47
4 8 23 a0
2 39 43 b0
4 24 67 d0
1 14 21 76
1 52 69 74
6 19 75 a0
6 41 57 c0
2 35 69 d0
239291:
+2mod 78; M = {a; b; c; d; e; f; g; h} × Z3
2 8 26 38
2 23 60 a0
6 11 14 b0
6 43 52 d0
1 45 66 e0
5 51 61 g0
5 48 75 h0
1 7 25 30
1 15 46 a0
4 47 67 c0
2 9 47 d0
4 35 48 f0
2 24 40 g0
1 13 43 62
4 13 75 b0
6 9 20 c0
2 53 70 e0
1 56 75 f0
4 8 19 h0
239321:
+3mod 78; M = ({a} × Z13) ∪ ({b; c; d; e; f; g} × Z2) ∪ ({h; i} × Z1)
3 46 52 64
3 18 75 a0
4 14 59 a0
32 37 48 a0
6 60 70 a0
10 52 61 a0
38 52 75 c0
19 38 76 d0
21 50 54 f0
2 36 76 g0
3 25 59 72
39 50 74 a0
7 51 69 a0
26 29 41 a0
15 27 63 a0
19 60 68 b0
6 19 65 c0
8 49 65 e0
1 4 71 f0
12 16 59 h0
2 48 53 62
25 33 56 a0
28 58 73 a0
8 38 44 a0
1 55 62 a0
21 28 41 b0
29 36 39 d0
9 28 60 e0
17 37 57 g0
16 21 38 i0
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25181:
+1mod 102; M = {a} × Z3
1 9 24 30
1 12 48 64
1 32 45 57
1 19 39 79
1 4 34 99
1 11 54 a0
1 10 27 55
1 62 76 81
251111:
+2mod 102; M = {a; b} × Z3
2 33 77 83
2 25 80 87
1 38 90 95
2 44 60 71
1 5 17 89
3 34 72 b0
1 4 21 81
1 8 64 84
1 6 42 79
2 12 16 24
1 50 78 a0
1 62 77 b0
1 12 55 74
2 5 51 98
1 39 67 82
2 32 50 95
3 16 95 a0
251141:
+1mod 102; M = ({a} × Z6) ∪ ({b} × Z3)
1 40 80 88
1 15 92 99
4 7 24 a0
1 17 29 73
1 60 66 93
2 57 95 a0
1 14 50 74
1 32 53 58
6 67 86 b0
251201:
+1mod 102; M = ({a; b} × Z6) ∪ ({c} × Z3)
1 12 24 67
1 26 39 87
1 15 64 a0
2 39 58 c0
1 41 59 74
1 21 27 99
5 27 36 b0
1 6 58 100
2 23 30 a0
4 14 31 b0
251231:
+2mod 102; M = {a; b; c; d; e; f} × Z3
2 20 35 63
2 10 57 90
1 11 26 32
3 47 85 a0
3 6 101 b0
4 13 101 d0
3 52 65 e0
2 38 50 80
1 9 25 51
2 54 59 77
4 68 78 a0
5 58 61 c0
2 18 81 d0
4 15 95 f0
1 62 66 91
2 21 58 75
1 7 73 82
4 43 86 b0
2 42 87 c0
1 20 96 e0
6 37 50 f0
25781:
+1mod 114; M = {a} × Z3
1 45 50 86
1 43 93 109
1 69 81 88
1 18 26 80
1 34 57 60
1 19 70 102
1 16 40 44
1 11 22 31
1 15 62 a0
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257111:
+2mod 114; M = {a; b} × Z3
2 54 57 110
2 27 70 88
2 25 43 87
1 34 56 69
2 18 50 97
3 52 96 a0
4 107 114 b0
2 16 91 106
1 52 85 88
1 55 81 103
2 62 104 111
1 21 37 84
5 26 55 a0
1 33 91 104
1 15 42 87
1 100 105 109
1 10 18 98
2 21 66 96
3 26 109 b0
257231:
+2mod 114; M = {a; b; c; d; e; f} × Z3
1 59 74 91
2 26 30 36
1 14 34 87
1 9 13 31
2 65 84 a0
1 47 50 c0
1 101 106 d0
1 92 100 f0
1 35 56 82
2 9 54 72
2 13 66 91
1 40 43 86
4 95 104 b0
3 34 90 c0
3 55 62 e0
3 29 96 f0
1 45 61 109
2 38 51 86
2 44 56 87
3 13 82 a0
3 78 97 b0
2 18 105 d0
4 96 101 e0
This completes the proof of Lemma 5.10.
Lemma 5.11. Let u = 33; 39. There exists a {4}-GDD of type 2um1 for all m ≡ 2mod 3 with 26m6 u − 1, except
possibly for (u; m)∈{(33; 23); (33; 29); (39; 35)}.
Proof. From Theorems 1.2, 2.16 and Lemma 5.10, it suIces to consider (u; m)∈{(33; 8); (33; 20); (39; 20); (39; 23);
(39; 26)}. Now a {4}-GDD of type 23381 can be found in [24, Appendix]. We get a {4}-GDD of type 233201 by
starting with a {4}-GDD of type 184121 and adjoining 2 ideal points, 5lling in {4}-GDDs of types 210 and 27 respec-
tively on three of the four groups of size 18 and the single group of size 12 together with the ideal points. Similarly, we
obtain {4}-GDDs of types 239201, 239231 and 239261 by starting with a {4}-GDD of type 184241 and adjoining 2, 5 and
8 ideal points, 5lling in {4}-GDDs of types 210, 2951 and 2981 respectively on the four groups of size 18 together with
the ideal points.
Lemma 5.12. There exists a {4}-GDD of type 245m1 for all m ≡ 2mod 3 with 26m6 44.
Proof. For 26m6 29, take a TD(6,7) and remove all but one of the points from a block to obtain a {5; 6}-GDD of type
6571, in which there is a point x in the group of size 7 contained entirely in blocks of size 6. Now, in the group of size
7, we give x weight 0 or 6 and give the remaining points weight 0 or 3. Give all other points in the GDD weight 3. The
result is a {4}-GDD of type 185a1 with a ≡ 0mod 3 and 06 a6 21, where we make use of input designs {4}-GDDs
of types 34, 35 and 3561 coming from Theorem 1.3. Adjoin 2,5,8 in5nite points and 5ll in the holes with {4}-GDDs of
types 210, 2951 and 2981 to obtain a {4}-GDD of type 245m1 as desired. For 326m6 44, take a resolvable {3}-GDD of
type 65 coming from Theorem 2.2 and apply weight 3, using resolvable {3}-MGDDs of type 33 to obtain a resolvable
{3}-DGDD of type (18; 63)5. Adjoin 24 in5nite points to complete the parallel classes and then adjoin a further 3i ideal
points for 06 i6 4, 5lling in {4}-GDDs of type 65(3i)1, to obtain a {4}-GDD of type 185(24+3i)1. Again, adjoin 2,5,8
in5nite points and 5ll in the holes with {4}-GDDs of types 210, 2951 and 2981 to obtain the {4}-GDDs of type 245m1 as
desired.
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Lemma 5.13. There exists a {4}-GDD of type 251m1 for all m ≡ 2mod 3 with 26m6 50.
Proof. From Theorems 1.2, 2.16 and Lemma 5.10, it suIces to consider m∈{17; 26; 29; 32; 35; 38; 41; 44; 47}. For m=17,
take a TD(6,7)-TD(6,1) and remove a point from the hole to obtain a {5; 6}-IGDD of type (7; 1)561. Now, in the group
of size 6, give weight 6 to 2 points and weight 0 to the remaining points. Give all other points in the IGDD weight 3. The
result is a {4}-IGDD of type (21; 3)5121, where we make use of input designs {4}-GDDs of types 35 and 3561 coming
from Theorem 1.3. Adjoin 2 in5nite points and 5ll in the holes with {4}-GDDs of types 27 and 2951 to obtain the desired
{4}-GDD of type 251171. For m=26; 29; 32; 35, take a {4}-GDD of type 244301 and adjoining 2,5,8,11 ideal points, 5lling
in {4}-GDDs of types 213; 21251; 21281; 212111; 216; 21551; 21581 and 215111 respectively on three of the four groups of size
24 and the single group of size 30 together with the ideal points. Similarly, for m=38; 41; 44, take a {4}-GDD of type
184301361 coming from [11] and adjoining 2,5,8 ideal points, 5lling in {4}-GDDs of types 210; 2951; 2981; 216; 21551 and
21581 respectively on the four groups of size 18 and the single group of size 30 together with the ideal points. Finally,
for m=47, we start with a TD(5,4) and remove all but one of the points from a block to obtain a {4; 5}-GDD of type
3441 in which there is a point x in the group of size 4 contained entirely in blocks of size 5. Apply Construction 2.5,
setting (w(x); d(x)) = (6; 0) and (w(y); d(y)) = (9; 3) for all remaining points y in the GDD to obtain a {4}-IGDD of
type (27; 9)4(33; 9)1. The required {4}-IGDDs with 5 groups exist by [36] and [38], while a {4}-IGDD of type (9; 3)4 is
equivalent to a Kirkman frame of type 64, which exists by [45]. Now apply Construction 5.1 with a=8 and b=2, 5lling in
{4}-IGDDs of type 29(9; 9)1(8; 2)1 coming from Lemma 5.4 and a {4}-GDD of type 215111 coming from Lemma 5.6.
Lemma 5.14. There exists a {4}-GDD of type 257m1 for all m ≡ 2mod 3 with 26m6 56, except possibly for m=44.
Proof. From Theorems 1.2, 2.16 and Lemma 5.10, it suIces to consider m∈{14; 17; 20; 26; 29; 32; 35; 38; 41; 47; 50; 53}.
For m=14, 17, 20, take a TD(5,9)-TD(5,1) and remove a point from the hole to obtain a {4; 5}-IGDD of type (9; 1)481.
Now, in the group of size 8, give weight 3 to 6 points and weight 0 to the remaining points. Give all other points in
the IGDD weight 3. The result is a {4}-IGDD of type (27; 3)4181, where we make use of input designs {4}-GDDs of
types 34 and 35 coming from Theorem 1.1. Adjoin 2,5,8 in5nite points and 5ll in the holes with {4}-GDDs of types 210,
2951, 2981, 21251, 21281 and 212111 to obtain the desired {4}-GDDs. Similarly, for m= 26, 29, take a TD(5,10)-TD(5,2)
and remove 2 points belonging to the same group and in the hole to obtain a {4; 5}-IGDD of type (10; 2)481. Apply
Construction 2.1 to obtain a {4}-IGDD of type (30; 6)4181. Adjoin 2,5 in5nite points and 5ll in the holes with {4}-GDDs
of types 210, 2951, 21281 and 212111 to obtain the desired {4}-GDDs. For m = 32, 35, 38, 41, take a {4}-GDD of type
304241 and adjoining 2, 5, 8, 11 ideal points, 5lling in {4}-GDDs of types 213, 21251, 21281, 212111, 216, 21551, 21581 and
215111 respectively on three of the four groups of size 30 and the single group of size 24 together with the ideal points.
For m= 47, 50, 53, we construct a {4}-GDD of type 185241451 as follows:
{4}-GDD of type 185241451
Point Set: Z90 ∪ {∞1;∞2; : : : ;∞24} ∪ ({a} × Z45)
Groups: {{0; 5; : : : ; 85}+ i; 06 i6 4} ∪ {{∞1;∞2; : : : ;∞24}} ∪ {({a} × Z45)}
Blocks: Develop each of the following +2mod 90.
1 12 28 29
12 70 74 a0
18 49 62 a0
7 41 79 a0
59 75 76 a0
63 84 ∞1 a0
32 71 ∞4 a0
29 58 ∞7 a0
26 83 ∞10 a0
19 88 ∞13 a0
8 37 ∞16 a0
53 60 ∞19 a0
34 57 ∞22 a0
1 69 77 a0
4 10 17 a0
30 48 72 a0
52 64 90 a0
11 65 89 a0
45 86 ∞2 a0
14 85 ∞5 a0
25 82 ∞8 a0
9 46 ∞11 a0
13 56 ∞14 a0
20 23 ∞17 a0
16 27 ∞20 a0
22 73 ∞23 a0
3 61 67 a0
39 43 87 a0
28 36 50 a0
31 33 80 a0
6 40 42 a0
51 54 ∞3 a0
2 21 ∞6 a0
44 81 ∞9 a0
38 47 ∞12 a0
5 68 ∞15 a0
15 24 ∞18 a0
35 66 ∞21 a0
55 78 ∞24 a0
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Starting from the above {4}-GDD of type 185241451 and adjoining 2, 5, 8 ideal points, 5lling in {4}-GDDs of types 210,
2951, 2981, 213, 21251 and 21281 respectively on the 5ve groups of size 18 and the single group of size 24 together with
the ideal points, we obtain the desired {4}-GDDs.
Lemma 5.15. There exists a {4}-GDD of type 263m1 for all m ≡ 2mod 3 with 26m6 62.
Proof. For 26m6 44, take a {4}-GDD of type 67a1 with a∈{0; 3; 6; 9; 12} coming from Theorem 1.4 and inMate it by
3 to obtain a {4}-GDD of type 187(3a)1. Adjoin 2, 5, 8 in5nite points and 5ll in the holes with {4}-GDDs of types 210,
2951 and 2981 to obtain the {4}-GDDs as desired. For 476m6 62, take a resolvable {3}-GDD of type 67 coming from
Theorem 2.2 and apply weight 3, using resolvable {3}-MGDDs of type 33 to obtain a resolvable {3}-DGDD of type
(18; 63)7. Adjoin 36 in5nite points to complete the parallel classes and then adjoin a further 3i ideal points for i∈{3; 6},
5lling in {4}-GDDs of type 67(3i)1, to obtain a {4}-GDD of type 187(36+ 3i)1. Again, adjoin 2, 5, 8 in5nite points and
5ll in the holes with {4}-GDDs of types 210, 2951 and 2981 to obtain the {4}-GDDs as desired.
Lemma 5.16. There exists a {4}-GDD of type 269m1 for all m ≡ 2mod 3 with 26m6 68.
Proof. For 26m6 38, take a TD(6,5) and apply the Construction 2.1, using weight 6 on each point in the 5rst four
groups and on 1 point on the 5fth group, weight 3 on each of the remaining 4 points on the 5fth group and weight
0 or 6 on each of the points on the sixth group. Noting that there exist {4}-GDDs of types 65, 6431, 66 and 6531 by
Theorem 1.4, the result is a {4}-GDD of type 304181(6n)1 where n can take any value between 0 and 5. Now adjoin x
ideal points to this GDD, x∈{2; 5; 8}; on each of the 5rst four groups of size 30 together with the ideal points construct
a {4}-GDD of type 215x1, and on the group of size 18 together with the ideal points construct a {4}-GDD of type 29x1.
The result is a {4}-GDD of type 269(6n+ x)1 where m=6n+ x can take on any value congruent to 2 modulo 3 between
2 and 38, as desired. Similarly, for 416m6 53, we can take a TD(6,5) and apply the Construction 2.1, using weight 6
on each point in the 5rst four groups and on each of 3 points on the 5fth group, weight 0 on each of the remaining 2
points on the 5fth group and weight 3, 6 or 9 on each of the points on the sixth group. For m = 56, 59, apply Lemma
2.15 with n = 8 and w = 14 to yield a {4}-GDD of type 244481421. Then adjoin x = 8, 11 ideal points and construct
{4}-GDDs of types 212x1 and 221x1 on each of the groups of size 24 and 42 together with the ideal points. Finally, for
m = 62, 65, 68, we start with a TD(5,5) and remove 3 points from a group to obtain a {4; 5}-GDD of type 5421 in
which the 2 points x, y in the group of size 2 contained entirely in blocks of size 5. Apply Construction 2.5, setting
(w(x); d(x))=(6; 0) or (9,3), (w(y); d(y))=(6; 0) or (9,3) and (w(z); d(z))=(9; 3) for all remaining points z in the GDD
to obtain a {4}-IGDD of type (45; 15)4(12 + i; i)1 for i∈{0; 3; 6}. Now apply Construction 5.1 with a = 8 and b = 2,
5lling in {4}-IGDDs of type 215(15; 15)1(8; 2)1 coming from Lemma 5.4 and a {4}-GDD of type 29(i+2)1 coming from
Lemma 5.6.
Lemma 5.17. There exists a {4}-GDD of type 281m1 for all m ≡ 2mod 3 with 26m6 80.
Proof. For 26m6 80, take a {4}-GDD of type 69a1 with a∈{0; 3; : : : ; 24} coming from Theorem 1.4 and inMate it by
3 to obtain a {4}-GDD of type 189(3a)1. Adjoin 2, 5, 8 in5nite points and 5ll in the holes with {4}-GDDs of types 210,
2951 and 2981 to obtain the {4}-GDDs as desired.
Lemma 5.18. There exists a {4}-GDD of type 299m1 for all m ≡ 2mod 3 with 26m6 98.
Proof. For 26m6 86, take a {4}-GDD of type 611a1 with a∈{0; 3; : : : ; 18} coming from Theorem 1.4 and inMate it by
3 to obtain a {4}-GDD of type 1811(3a)1. Furthermore, take a resolvable {3}-GDD of type 611 coming from Theorem 2.2
and apply weight 3, using resolvable {3}-MGDDs of type 33 to obtain a resolvable {3}-DGDD of type (18; 63)11. Adjoin
60 in5nite points to complete the parallel classes and then adjoin a further 3i ideal points for i∈{1; 4; 6}, 5lling in
{4}-GDDs of type 611(3i)1, to obtain a {4}-GDD of type 1811(60+ 3i)1. Hence, we have {4}-GDDs of type 1811x1 with
x∈{0; 9; 18; : : : ; 72; 78}. Adjoin 2, 5, 8 in5nite points and 5ll in the holes with {4}-GDDs of types 210, 2951 and 2981
to obtain the {4}-GDDs as desired. Finally, for m = 89, 92, 95, 98, start with a resolvable (28,4,1)-BIBD and adjoin
4 in5nite points to yield a {4; 5}-GDD of type 4741 in which every point in the last group of size 4 is contained only
in blocks of size 5. Apply Construction 2.5 to this GDD (Y = ∅ here), assigning (w(x); d(x)) = (9; 3) to each point in
the GDD except for 32 − (m − 2)=3 points on the last group of size 4, which get assigned (w(x); d(x)) = (6; 0). The
result is a {4}-IGDD of type (24 + 12; 12)7(24 + (m − 86); (m − 86))1. Now apply Construction 5.1 with a = 8 and
b = 2, 5lling in {4}-IGDDs of type 212(12; 12)1(8; 2)1 from Lemma 5.4 and a {4}-GDD of type 215(m − 84)1 from
Lemma 5.6.
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Lemma 5.19. There exists a {4}-GDD of type 2105m1 for all m ≡ 2mod 3 with 26m6 104.
Proof. Take a TD(6,7) and apply the Construction 2.1, using weight 6 on each point in the 5rst 5ve groups and weight 0,
3, 6, 9 or 12 on each of the points on the sixth group. Noting that there exist {4}-GDDs of type 65(3i)1 for i∈{0; 1; 2; 3; 4}
by Theorem 1.4, the result is a {4}-GDD of type 425(3n)1 where n can take any value between 0 and 28. Now adjoin x
ideal points to this GDD, x∈{2; 5; 8; 11; 14; 20}; on each of the 5rst 5ve groups of size 42 together with the ideal points
construct a {4}-GDD of type 221x1. The result is a {4}-GDD of type 2105(3n + x)1 where m = 3n + x can take on any
value congruent to 2 modulo 3 between 2 and 104, as desired.
Now, by Theorem 2.18(iv), we only have u∈U={75; 87; 93; 111; 117; 123; 129; 135; 141; 147; 153; 159; 165; 171; 177; 183;
189; 231; 237; 291; 297; 303; 309; 315; 321; 327; 333} to be considered.
Lemma 5.20. Let u∈U . There exists a {4}-GDD of type 2um1 for all m ≡ 2mod 3 with 26m6 u− 1.
Proof. For u=75 and 26m6 62, take a TD(5,5). By Theorem 3.13 there is a {4}-IGDD of type ∏5i=1(6 · 5+3ni; 3ni)1
with 06 ni6 4, i=1; 2; : : : ; 5. Adjoin 2 ideal points to this IGDD and apply Construction 5.5, 5lling in {4}-GDDs of types
215(3ni+2)1, i=1; 2; : : : ; 5. For u=75 and 656m6 74, take a {5}-GDD of type 46. Apply Construction 2.5 to this GDD
(Y =∅ here), assigning (w(x); d(x))=(9; 3) to each point in the GDD except for 24−(m−2)=3 points on the last group of
size 4, which get assigned (w(x); d(x))=(6; 0). The result is a {4}-IGDD of type (24+12; 12)5(24+(m−62); (m−62))1.
Now apply Construction 5.1 with a= 8 and b= 2, 5lling in {4}-IGDDs of type 212(12; 12)1(8; 2)1 from Lemma 5.4 and
a {4}-GDD of type 215(m− 60)1 from Lemma 5.6.
For u = 93, the proof is similar to the above procedure except for m = 71. When 26m6 68, take a {5}-GDD of
type 3871 obtained by completing the parallel classes of a {4}-RGDD of type 38 and apply Construction 5.5, 5lling in
{4}-GDDs of types 29i1 and 221j1 for i∈{2; 5; 8} and j∈{2; 5; 8; 11; 14; 20}. When m=74, again start with a {4}-RGDD
of type 38 and complete 6 parallel classes to yield a {4; 5}-GDD of type 3861 in which every point in the last group
of size 6 is contained only in the blocks of size 5. Apply Construction 2.5 to this GDD, assigning (w(x); d(x)) = (9; 3)
to each point in the GDD except for points on the last group of size 6, which get assigned (w(x); d(x)) = (6; 0). Apply
Construction 5.1 with a = 8 and b = 2, 5lling in {4}-IGDDs of type 29(9; 9)1(8; 2)1 from Lemma 5.4 and a {4}-GDD
of type 222. When 776m6 92, take a TD(6,5) and apply Construction 2.5 by assigning (w(x); d(x)) = (9; 3) to each
point in the TD except for 25 − (m − 2)=3 points on the last group of size 5, which get assigned (w(x); d(x)) = (6; 0).
Again, apply Construction 5.1 with a=8 and b=2, 5lling in {4}-IGDDs of type 215(15; 15)1(8; 2)1 from Lemma 5.4 and
a {4}-GDD of type 218(m− 75)1 from Lemma 5.6. Finally, for m= 71, take a TD(6,7) and apply the Construction 2.1,
using weight 6 on each point in the 5rst four groups and on 3 points on the 5fth group, weight 0 on each of the remaining
4 points on the 5fth group and weight 9 on each of the points on the sixth group. Noting that there exist {4}-GDDs
of types 6491 and 6591 by Theorem 1.4, the result is a {4}-GDD of type 424181631. Now adjoin 8 ideal points to this
GDD; on each of the 5rst four groups of size 42 together with the ideal points construct a {4}-GDD of type 22181, and
on the group of size 18 together with the ideal points construct a {4}-GDD of type 2981. The result is a {4}-GDD of
type 293711, as desired.
For the other values of u∈U , the proofs are similar to the above procedure. Here, we always start from a {5; 6}-GDD
except for u= 171 and m∈ [143; 170], where we employ a {4; 5}-GDD of type 222121 which comes from completing 12
parallel classes of a {4}-RGDD of type 222. All the designs are considered in the following table.
u m and K-GDD of type Source
87 [2,71]: 5541; [74,86]: 5531 TD(6,5) [7]
111 [2,95]: 6571; [98,110]: 4781 TD(6,7) [7] and Theorem 2.3
117 [2,101]: 7541; [104,116]: 7531 TD(6,7) [7]
123 [2,107]: 7561; [110,122]: 7551 TD(6,7) [7]
129 [2,113]: 8531; [116,128]: 76 TD(6,8) and TD(6,7) [7]
135 [2,119]: 95; [122,134]: 8541 TD(5,9) and TD(6,8) [7]
141 [2,125]: 8571; [128,140]: 8561 TD(6,8) [7]
147 [2,131]: 9541; [134,146]: 86 TD(6,9) and TD(6,8) [7]
153 [2,137]: 9561; [140,152]: 9551 TD(6,9) [7]
159 [2,143]: 9581; [146,158]: 9571 TD(6,9) [7]
165 [2,137]: 115; [140,164]: 96 TD(5,11) and TD(6,9) [7]
171 [2,140]: 11521; [143,170]: 222121 TD(6,11) [7] and Theorem 2.3
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177 [2,146]: 11541; [149,176]: 11531 TD(6,11) [7]
183 [2,167]: 105111; [170,182]: 11551 TD(6,11) [7]
189 [2,173]: 12531; [176,188]: 11571 TD(6,12) and TD(6,11) [7]
231 [2,215]: 135121; [218,230]: 135111 TD(6,13) [7]
237 [2,221]: 15541; [224,236]: 136 TD(6,15) and TD(6,13) [7]
291 [2,275]: 165171; [278,290]: 175111 TD(6,17) [7]
297 [2,281]: 175141; [284,296]: 175131 TD(6,17) [7]
303 [2,287]: 175161; [290,302]: 175151 TD(6,17) [7]
309 [2,293]: 20531; [296,308]: 176 TD(6,20) and TD(6,17) [7]
315 [2,299]: 20551; [302,314]: 20541 TD(6,20) [7]
321 [2,305]: 20571; [308,320]: 195111 TD(6,20) and TD(6,19) [7]
327 [2,311]: 20591; [314,326]: 195131 TD(6,20) and TD(6,19) [7]
333 [2,317]: 205111; [320,332]: 195151 TD(6,20) and TD(6,19) [7]
This completes the proof of Lemma 5.20.
Combining Theorem 2.18, Lemmas 5.6–5.20, we have the following result.
Theorem 5.21. There exists a {4}-GDD of type 2um1 for each u¿ 6, u ≡ 0mod 3 and m ≡ 2mod 3 with 26m6 u−1
except for (u; m) = (6; 5) and possibly excepting (u; m)∈{(21; 17); (33; 23); (33; 29); (39; 35); (57; 44)}.
6. Concluding remarks
In this paper, we have shown that the necessary conditions for the existence of a {4}-GDD of type gum1 are also
suIcient for the small g=2, 4, 5, 12, 15 with 5 possible exceptions when g=2. These designs together with the designs
constructed in Theorems 1.2 and 1.4 will serve as the ingredient designs and allow us to determine the existence problem
of {4}-GDDs of type gum1 for general even g up to few open cases of u, which are caused by the unsolved cases when
g= 2, 6. This will be reported in a future paper.
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